We use twisted sheaves and their moduli spaces to study the Brauer group of a scheme. In particular, we (1) show how twisted methods can be efficiently used to re-prove the basic facts about the Brauer group and cohomological Brauer group (including Gabber's theorem that they coincide for a separated union of two affine schemes), (2) give a new proof of de Jong's periodindex theorem for surfaces over algebraically closed fields, and (3) prove an analogous result for surfaces over finite fields. We also include a reduction of all period-index problems for Brauer groups of function fields over algebraically closed fields to characteristic 0, which (among other things) extends de Jong's result to include classes of period divisible by the characteristic of the base field. Finally, we state a question about the geometry of moduli spaces of semistable vector bundles on curves which is closely related to the standard conjectural period-index relation for the Brauer groups of function fields.
this section, referring back for terminology as needed. This is followed in section 3 by a rapid tour of the theory of twisted sheaves, their use in proving the basic facts about the Brauer group of a scheme and Gabber's theorem, and a summary of the theory of their moduli on low-dimensional ambient varieties (fully developed in [31] ). Finally, in section 4 we apply the abstract theory to the period-index problem and prove the main theorem. We have included a very short appendix discussing a few basic facts about (quasi-)coherent sheaves on stacks, elementary transforms, and an application to the refined form of de Jong's theorem which yields surjectivity of the map H 1 (X, PGL n ) → H 2 (X, µ n ) for a projective surface X over an algebraically closed field.
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Background

Algebra
In this section we rapidly summarize the basic facts concerning the period-index problem.
Period and index
The period-index problem has several manifestations. One way of describing the problem uses Galois cohomology. Let K be a field and F anétale sheaf on Spec K. Let α ∈ H i (Spec K, F ) be a Galois cohomology class with i > 0.
Definition 2.1.1.1. The period of α, denoted per(α), is the order of α in the group H i (Spec K, F ). The (separable) index of α, denoted ind(α), is gcd{deg L/K : α| L = 0} with L a separable extension.
In certain instances, the index of α is actually the minimal degree of a field extension killing α (for example, if i = 2 and F = G m ).
Example 2.1.1.2. When F = G m and i = 2, we can translate 2.1.1.1 into the language of noncommutative algebra. A class α ∈ H 2 (Spec K, G m ) = Br(K) is represented by a central division K-algebra D. The period of α is the order of [D] in Br(K) and the index of α is the square root of the rank of D. This follows from basic theorems in non-commutative algebra [15] which describe the structure of central division algebras. Proof. This is well-known, but we review the proof for the sake of completeness. That per(α)| ind(α) is a consequence of the existence, for any finite separable extension f : Spec L → Spec K, of a trace map f * f * F → F (the "corestriction") such that the composition with the restriction is multiplication by deg L/K. Applying this to L/K such that α L = 0 shows that the degree of any such extension kills α, whence the gcd kills α. To show that the prime factors are the same, suppose L/K kills α and let p be a prime number not dividing per(α). Suppose L is Galois with group G. Let G p be a p-Sylow subgroup of G and L p the fixed field. Thus, the degree of L p over K has no factors of p. We claim that L p kills α. Indeed, α Lp is still per(α)-torsion and p still acts invertibly on the subgroup generated by α. Thus, restricting further to L and corestricting back to L p , we see that α is trivial over L p if and only if it is trivial over L. This removes p from ind(α). The case of general separable L/K follows from the case of Galois L/K. Thus, there is some minimal ℓ α so that ind(α)| per (α) ℓα . The period-index problem is to understand the behavior of the exponent ℓ α as K and α vary. In the context of elliptic curves, this was considered by Lang-Tate [27] and Lichtenbaum [30] . Using 2.1.1.2, we see that the period-index problem for the Brauer group is related to deciding how large a division algebra is necessary to represent a given Brauer class. In this form, it was considered by Brauer in his foundational paper and by Albert in subsequent work.
Let π : E → P 1 be an elliptic surface over a finite field (with a section σ). It is a classical result [43, Exercise 10.11 ] that given an element α ∈ X(k(P 1 ), E η ) of period n prime to the characteristic of k, there is a field extension of degree n of k(P 1 ) killing α. In other words, for these particular classes of H 1 (Spec k(P 1 ), E η ), the period equals the index. Using Artin's isomorphism Br(E) ∼ → X(k(P 1 ), E η ) (see [20] ), we see that this inadvertently also proves that per(α) = ind(α) for any α ∈ Br(E). We will generalize this result to all surfaces over a finite field below using a different approach.
Br and Br
′
The purpose of this paragraph is primarily to fix notation. Given any ringed topos X, there is a natural injection Br(X) ֒→ H 2 (X, G m ) (developed using the language of gerbes in §V.4 of [17] Grothendieck showed that Br = Br ′ (where the latter is computed in theétale topology) for Noetherian schemes of dimension 1 and regular schemes of dimension 2 [19] . In his thesis [16] , Gabber showed that this is so for any scheme X which can be written as a separated union of two affines. We give a proof of all of these results using twisted sheaves in section 3.1.5. A more recent result of Gabber (mid-1990s, unpublished) established that Br = Br ′ for any quasi-projective scheme, for which de Jong has given a twisted proof [11] . There is an example of a non-separated normal surface such that Br [2] = Br ′ [2] [14] . The question is still quite open, even for smooth non-quasi-projective threefolds over algebraically closed fields!
Geometry
We follow the terminology and conventions of [29] when discussing stacks and algebraic stacks. Given a stack X , we will use I (X ) to denote the inertia stack, a representable group-functor on X which associates to ϕ : T → X the automorphisms of ϕ. (One can also explicitly describe the inertia stack as I (X) = X × X ×X X , with both maps being the diagonal morphism. It is then an exercise to check that this represents the sheaf of automorphisms, as described above. It appears that the inertia stack lacks a standard reference in the literature.) We will write Sh(X ) to denote the sheafification of X , by which we mean the universal object among sheaves F on X admitting a map of stacks X → F , F being considered as a stack via the natural functor from sheaves to stacks.
Gerbes: generalities
The canonical reference for gerbes and non-abelian cohomology is [17] , especially chapter IV. Fix a positive integer n. Situation 2.2.1.1. For the sake of simplicity, we will assume that n is prime to the characteristics of X.
Definition 2.2.1.2. A gerbe on X is a stack X → X such that the sheafification Sh(X ) → X is an isomorphism. This is equivalent to the following two conditions: (i) for every open set U → X, there is a covering V → U such that the fiber category X V = ∅;
(ii) given an open set U → X and any two objects x, y ∈ X U , there is a covering V → U and an
Definition 2.2.1.3. Given an abelian sheaf A on X, an A-gerbe on X is a gerbe X along with an isomorphism A X ∼ → I (X ). An isomorphism of A-gerbes X and Y is a 1-morphism f : X → Y which is a 1-isomorphism of stacks such that the natural map
is the identity.
In this paper, we will only concern ourselves with A = G m and A = µ n (with n satisfying 2.2.1.1). The primordial example of an A-gerbe is the classifying stack BA of A-torsors. A general A-gerbe should then be thought of as a bundle with fiber BA and "A-linear" gluing data. The original interest in these objects comes from the following result of Giraud. For more on this subject, the reader is of course referred to §IV.3 [17] , and may consult [32] for a more condensed discussion.
Proposition 2.2.1.4 (Giraud) . There is a natural bijection between the set of isomorphism classes of A-gerbes and H 2 (X, A).
Recall that given a sheaf F on a stack X , there is a natural right action F × I (X ) → F . Indeed, given an object U in the site of X and a section (f, σ) of F × I (X ) over U , we have an isomorphism σ * :
, and we let (f, σ) map to σ * f . On an A-gerbe, this becomes an action
Definition 2.2.1.5. Given an A-gerbe X and a sheaf on X , the natural action F × A → F will be called the inertial action.
Gerbes: two special flavors
We briefly describe two different types of µ n -gerbes which will be important for us. Throughout, X is assumed to be a k-scheme for some field k such that n ∈ k × . (This last requirement is not necessary if one is willing to work in the flat topology.) 1/n , is the stack whose objects over T are pairs (L , ϕ), where L is an invertible sheaf on X × T and ϕ : L ⊗ n ∼ → M is an isomorphism.
It is immediate that [M ]
1/n is a µ n -gerbe. A consideration of the Kummer sequence 1 → µ n → G m → G m → 1 shows that every essentially trivial µ n -gerbe is the gerbe of nth roots of some invertible sheaf. Geometrically essentially trivial gerbes are more difficult to describe.
On the opposite side of the essentially trivial gerbes are the optimal gerbes.
If X is regular, this is the same as saying that the generic fiber of X → X has order n in
, which is the same as saying that X η is the µ n -gerbe associated to a division algebra over κ(η) of rank n 2 . If there is an Azumaya algebra of degree n on X in the class [X ], this is perhaps saying that "Spec A is an integral non-commutative surface finite, flat, and unramified over its center."
Twisted sheaves and their moduli
In this section, we will introduce the category of twisted sheaves and show its suitability for studying certain types of questions about the Brauer group. We also give a summary of the results of [31] , which studies the properties of the moduli spaces of twisted sheaves.
Twisted sheaves
Let X be a scheme (or arbitrary topos). We equip X with a reasonable flat topology: the big or smalĺ etale topology or the fppf topology. When we speak of a stack on X, we will mean a stack in this topology. When studying sheaves on a stack, we will use the bigétale or fppf topos. As noted in the appendix, this requires working with D(QCoh) rather than the non-sensical D QCoh (Mod).
For clarity, we treat only the case of twisted sheaves on G m -gerbes and µ n -gerbes. It is possible to give a more general treatment which is straightforwardly similar that here. Write D for G m or µ n .
Definition 3.1.1.1. Let X → X be a D-gerbe on a ringed topos. An X -twisted sheaf is a sheaf F of (left) O X -modules such that the natural inertial action F × D X → F (see 2.2.1.5) equals the right action associated to the left module action D X × F → F .
Twisted vector bundles of rank n naturally arise as "universal reductions of structure group" for PGL n -bundles; the gerbe classifying the twisting is precisely the coboundary of the PGL n -bundle in H 2 (G m ) arising from the standard presentation 1 → G m → GL n → PGL n → 1. A similar µ n -gerbe arises when one studies reduction of structure group to SL n . It is a helpful exercise to write these gerbes down explicitly (as solutions to moduli problems). This may also be found in [17] .
Remark 3.1.1.2. There are two other ways of describing twisted O-modules which have arisen in the literature. Both may be found in Cȃldȃraru's thesis [2] (available electronically). In case a faithful (i.e., nowhere zero) locally free twisted sheaf V exists, one can apply the functor H om(V , · ) and conclude (via a fibered form of Morita equivalence described in [32] ) that the abelian category of twisted Omodules is equivalent to the abelian category of right A -modules, where A = H om(V , V ).
Alternatively, one can give a cocyclic description of twisted sheaves (used by Cȃldȃraru in his thesis [2] , Yoshioka in his recent work [47] , and others of a mathematico-physical bent) as follows: choose a hypercovering U • → X with a 2-cocycle a ∈ µ n (U 2 ) representing the cohomology class [X ] ∈ H 2 (X, µ n ). (One can laboriously check [32] that indeed choosing such a setup is tantamount to choosing X .) A twisted sheaf is then a pair (F , ϕ), with F a sheaf of O U0 -modules and ϕ : pr * 1 F → pr * 0 F is an isomorphism on U 1 whose coboundary δϕ = a ∈ Aut pr * 00 F on U 2 . In the cases where this definition has been applied to date, X is usually quasi-projective over an affine, so it suffices to take aČech hypercovering (by a theorem of Artin [3] ) in theétale topology. (In fact, authors using this definition usually live over the complex numbers and use the classical topology.) Suppose α ∈ H 2 (X, µ n ), and let ι * α be the image under the natural map
There is a µ n -gerbe X → X and a G m -gerbe Y → X with a µ n -linear map X → Y over X. Proof. The easiest proof uses the cocyclic description of twisted sheaves given in 3.1.1.2: the image in G m of the cocycle for µ n corresponding to X gives the cocycle corresponding to Y . The cocyclic description of twisted sheaves now makes it clear that the categories are equivalent.
We end this section by pointing out that giving a global section of a G m -gerbe X → X yields a "trivialization" of the category of twisted sheaves. Proof. This can also be easily proven using the cocyclic description of 3.1.1.2.
Quasi-coherent twisted sheaves
Let X be a Noetherian algebraic space and X → X a D-gerbe, with D either G m or µ n . Write C for the dual group of homomorphisms D → G m ; this is either Z or Z/nZ. Proof. This follows from the fact that X is Noetherian, combined with standard results about quasicoherent sheaves on Noetherian Artin stacks ( §15 of [29] ).
Given χ ∈ C, for any quasi-coherent sheaf F on X there is a χ-eigensheaf F χ ⊂ F corresponding to sections where the action of the inertia stack A X is via the character χ : A → G m and the right G m -action associated to the left O-module structure of F . 
The eigensheaves F χ are quasi-coherent.
Proof. By functoriality, it is enough to check this when X has a section, hence when X = BD. In this case, a quasi-coherent sheaf is the same as a quasi-coherent comodule for the Hopf algebra O D on X. The result follows from the representation theory of diagonalizable group schemes [46] .
Let π : Y → X be a quasi-compact morphism of schemes and X a D-gerbe on X. There is a pullback D-gerbe Y := Y × X X . We will also denote the morphism Y → X by π.
Proof. Since F decomposes as a direct sum of eigensheaves and direct image commutes with the formation of direct sums, it suffices to show that π * (F χ ) is a χ-eigensheaf. One way to see this is to pass to a flat cover X ′ → X over which X splits. This reduces the problem to the case where X is the trivial gerbe. In this case, quasi-coherent sheaves on X (resp. Y ) are simply comodules on X (resp. Y ) for the Hopf algebra O A . The result is then a consequence of the projection formula and the standard characterization of eigensheaves (in terms of the coaction F → F ⊗ O A ). Definition 3.1.2.4. If A = G m or A = µ n and X is an A-gerbe on X, then an m-fold X -twisted sheaf is a sheaf F on X such that F = F χm , where χ m : A → G m is the mth power of the natural character A → G m .
Thus, X -twisted sheaves are precisely the 1-fold X -twisted sheaves. The reason to introduce m-fold twisted sheaves is for convenient bookkeeping, as the following lemma illustrates. If X is a µ n -gerbe, then n-fold X -twisted sheaves are naturally identified with 0-fold X -twisted sheaves, which are naturally identified via pushforward with sheaves on X.
Proof. This is practically a tautology. 
Proof. The last statement follows by taking the determinant A.3 and applying the first statement. One way to prove the first statement is to use the cocyclic formulation given in 3. Proof. The relevant fact is the following: there is a locally free X -twisted sheaf of rank r if and only if there is an Azumaya algebra of degree r with class [X ]. The equivalence arises by sending V to End(V ). The inverse comes by associating to an Azumaya algebra A its gerbe of trivializations: a section over a scheme Y → X is a locally free sheaf W along with an isomorphism of algebras End(W )
It is easy to check that this is a G m -gerbe with class [A ] ∈ Br(X) ⊂ H 2 (X, G m ), and that the sheaves W patch together to yield a locally free twisted sheaf of rank n. This is essentially carried out in §V.4 of [17] .
Thus, these become problems about the existence of points in various moduli spaces: locally free twisted (or simply coherent) sheaves (of a given rank). The period-index problem in particular will prove amenable to this kind of analysis. The question of Br and Br ′ is more profitably approached in terms of the K-theory of X , as we will describe in section 3.1.5.
Elementary applications
Here we investigate the applications of the theory we have developed so far to the study of the Brauer group. While seemingly vacuous, the theory of twisted sheaves yields many of the basic results on the Brauer group without requiring recourse toétale cohomology. (The skeptical reader should note that some of the fundamental properties of gerbes and twisted sheaves do rely on the relationship to cohomology, but this is where the similarity ends. The point is that we use sheaf-theoretic methods in place of explicit computations of cohomology groups and cohomological dimensions, and the use of cohomological purity.) The essential result for all of these proofs, it turns out, is the deceptively simple-looking 3.1.2.1.
Fix a Noetherian scheme X and a G m -gerbe X .
Lemma 3.1.4.1. Let η ⊂ X be the scheme of generic points. Any coherent X η -twisted sheaf extends to a coherent X -twisted sheaf.
Proof. Let F be a coherent X η -twisted sheaf. The inclusion ν : X η ֒→ X is quasi-compact, hence ν * F is a quasi-coherent X -twisted sheaf. The result follows from 3.1.2.1.
There exists a non-zero coherent X -twisted sheaf which is supported at all generic points of X .
Proof. Over the reduced structure on the generic scheme of X, we have a G m -gerbe over the spectrum of a finite product of fields. Thus, if we can produce a non-zero coherent twisted sheaf when X is the spectrum of a field, we can push it forward to get such an object on the generic scheme of X and then apply 3.1.4.1. When X is Spec K, anyétale covering is finite over X. Thus, there is a finite free morphism Y → X such that the gerbe Y := Y × X X has a section. Once there is a section, we can apply 3.1.1.4. Thus, there is a non-zero (in fact, locally free) twisted sheaf on Y . Pushing forward along the morphism Y → X yields a non-zerolocally free X -twisted sheaf by 3.1.2.3. (For a generalization of this argument, see 3.1.4.5 below.)
Proof. We may assume X is connected (and therefore irreducible). By 3.1.4.2, there exists a coherent X -twisted sheaf F of rank n > 0. As X is regular and G m is smooth and connected, the algebraic stack X is also regular and irreducible. Thus, F is perfect as an object of D(QCoh(X )) with globally bounded amplitude. Taking the determinant of F yields an n-fold twisted invertible sheaf on X . By 3.1.2.6 we have 
is an injection.
Proof. Suppose X × X η represents the trivial cohomology class. This means that there is an invertible
In fact, there is a reflexive such extension. On the other hand, this extension has rank 1 by construction. But X, and therefore X , is regular. As any reflexive module of rank 1 over a regular local ring (of arbitrary dimension) is
Before proceeding, we recall a couple of lemmas which will also be useful in section 3.1.5. Proof. Fixing a gerbe X representing α, we see that Y := X × X Y represents the pullback of α to Y . Furthermore, π : Y → X is a finite locally free morphism. Thus, given any locally free twisted sheaf F on Y , π * F will be a locally free twisted sheaf on X . It is clear that the rank of such a sheaf will be constant on a connected component. If X is quasi-compact then there are only finitely many connected components, whence one can arrange for the rank to be constant by taking appropriate direct sums on each component. Sketch of proof, following Gabber. By the local structure theory forétale morphisms [40] , there is monic
, where σ i is the ith symmetric polynomial. One can check that C is a finite free A-module. By construction, we have that
, so that there are factorizations ϕ i : A[x]/(f (x)) → C over A given by sending x to T i . It is possible to see that C is a finite free A[x]/(f (x))-module of rank (n − 1)! via ϕ 1 , from which it follows that there is some maximal ideal m ⊂ C lying over n ⊂ A[x]/(f (x)), yielding a homomorphism B → C m . There is an obvious action of the symmetric group Σ n on C over A, which is transitive on the closed fiber. Thus, composing the A-morphism B → C m with the automorphisms arising from the action of Σ n , we see that there is in fact an A-map B → C q for every maximal ideal q ⊂ C, as desired. Proof. When the cohomology class of X is torsion, this will be subsumed by 3.1.5.1 below; thus, we only give a sketch here. However, the reader will note that we have made no such assumption on the class a priori. As we point out in 3.1.4.8, this in fact gives a proof that H 2 (X, G m ) is torsion! We may assume that X is connected. First suppose X has dimension 0, so that X is the spectrum of an Artinian semilocal ring R. There is certainly a locally free twisted sheaf of positive rank over the residue field of R, and its infinitesimal deformations are unobstructed, yielding a locally free twisted sheaf on all of Spec R. In fact, one can check that there is a unique locally free twisted sheaf of a given rank. (Briefly, the point is that by Morita theory one can see that two such differ by tensoring with an invertible sheaf, which is trivial over a semilocal ring.)
Now suppose X is local. Applying 3.1.4.5 and 3.1.4.6, we may replace X by a finite semilocal extension Y → X such that Y := X × X Y is trivial over every localization of Y . Choosing trivializations of the gerbe at each closed point of Y , it is immediate that there exists an integer N such that for any closed point y ∈ Y , there is a locally free twisted sheaf on Spec O y,Y of rank N . By the previous paragraph, these are all isomorphic on the generic scheme of Y (as y varies). It follows (since Y is of dimension 1 at each closed point) that we can glue the local twisted sheaves to produce a locally free Y -twisted sheaf.
The general case proceeds as in the previous paragraph: the complement of the set of closed points of X is open (since the dimension is at most 1 at any point), so local models can be glued together to yield a locally free X -twisted sheaf.
torsion and equals Br(X).
Proof. This is an application of 3.1.2.6 to 3.1.4.7.
Proposition 3.1.4.9. If X is Noetherian there is a coherent twisted sheaf which is locally free at every point of codimension 1. If X is regular, there is a coherent twisted sheaf which is locally free at every point of codimension 2.
Proof. Using the first half of the proof of 3.1.4.7, it is easy to find some open V ⊂ X over which there is a locally free twisted sheaf F . Suppose p ∈ X \ V has codimension 1 in X. Let i : Spec O p,X ֒→ X and j : V ֒→ X. By 3.1.4.7, we may assume (by taking a direct sum of F with itself if necessary) that there exists a locally free twisted sheaf G on Spec O p,X such that G η = F η (identifying the generic schemes of Spec O p,X and V with η using i and j, respectively). Consider Q := i * G ∩ j * F ⊂ F η . This is a quasi-coherent twisted sheaf on X which equals F when pulled back by j and G when pulled back by i. Applying 3.1.2.1 and the fact that localization commutes with colimits, we see that there is a coherent subsheaf P ⊂ Q such that P | V ∼ = F and P | Spec Op,X ∼ = G. The locus where P is locally free is thus an open set containing V ∪ {p}. By Noetherian induction, the first statement is proven. (More concretely, there can only be finitely many codimension 1 points p not in V , as they must be generic points of irreducible components of X \ V .) The second statement follows from the fact that any reflexive module over a regular local ring of dimension at most 2 is free. Thus, the reflexive hull of any coherent twisted sheaf will be locally free in codimension 2. 
Proof. This follows from 3.1.4.9 and 3.1.2.6.
Gabber's theorems
We wish to show how twisted sheaves may be used to give an especially streamlined proof of Gabber's theorem that Br = Br ′ for affine schemes. (In fact, the proof given here also works for separated unions of two affines, just as in Gabber's original result.) Our argument is a simplification of the argument of Hoobler [22] which is itself a simplification of Gabber's proof. By using twisted sheaves rather than Azumaya algebras, the introduction of K-theory into the proof becomes more transparent, as one can "think in modules" from the beginning. Our approach notably also avoids the comparison of the "Mayer-Vietoris sequence" in non-abelian flat cohomology with that in ordinary abelian flat cohomology, by absorbing all of the cohomology (abelian and otherwise) into the underlying gerbe X . The outline of our proof comes from Hoobler's paper [ibid .].
The main theorem of this section is the following. Proof. Any torsion class α ∈ H 2 (X, G m ) (taken in the flat topology orétale topology) has a lift to a flat cohomology class in H 2 (X, µ n ). The theorem gives a twisted vector bundle on a gerbe in any such class. Taking its endomorphism algebra yields an Azumaya algebra with class α.
The proof of 3.1.5.1 follows from several basic K-theoretic lemmas. Let R be a commutative unital ring and let K(R) denote the ring structure on the Grothendieck group of finite projective R-modules of constant rank. We recall some basic facts from algebraic K-theory.
Lemma 3.1.5.3. There is a natural map ρ : K(R) → Z determined by the rank function on modules.
The kernel of ρ is a nil-ideal.
Given projective modules P and Q, the equality [P ] = [Q] holds in K(R) if and only if there is
N > 0 such that
3. Given a class α ∈ K(R) of positive rank, some multiple nα has the form [P ] for a projective module P .
Sketch of proof.
Since the K-group classifies finitely generated projective modules, we immediately have that it commutes with colimits in R. Thus, to prove any statement involving only finitely many elements it suffices to prove it assuming that R is finitely generated over Z. In this case, R has some Krull dimension d. A beautiful proof of the first statement is due to Gabber and may also be found in his thesis [16] . It is easy to see that ker ρ is generated by elements of the form [P ] − [R ⊕ rk P ], and thus that it suffices to prove the statement for such elements. Now we can consider complexes 0 → R ⊕ rk P → P → 0, given by a morphism ϕ i , and it is easy to see that there are precisely d such complexes such that for any point p ∈ Spec R, one of the complexes is exact at p (i.e., one of the ϕ i gives a trivialization of P in a neighborhood of p). But then the tensor product of the complexes
The second statement is quite a bit more difficult, and relies on the Bass cancellation lemma. (In the commutative case, it ultimately derives from a simpler statement due to Serre, which states that any projective module of rank at least d + 1 has a non-zero free summand.) This is beyond the scope of this paper; we refer the reader to §4 of Chapter IX of [7] for the details. (The reader will also find a slightly different account of the rest of the K-theory we use here, including the other statements contained in this lemma.)
The final statement may be proven as follows. First, we may assume R has finite Krull dimension d. Scaling α, we may assume that rk nα ≥ d. We can certainly write nα = [P ] − [Q] for some projective modules P and Q. Choosing a representation R N = Q ⊕ Q ′ , we find that nα
so we can find a free summand of P ⊕ Q ′ of rank N by Serre's theorem. The complementary summand yields a projective module representing nα, as desired.
Corollary 3.1.5.4. Given a faithfully projective R-module P and a positive integer n, there exist non-zero free modules F 0 and F 1 and a faithfully projective R-module P such that
Proof. In K-theory, the desired equality reads a[P ][P ] n = b for some positive integers a and b. In fact, applying 3.1.5.3(3), we see that it is enough to solve the equation for [P ] in K(R). Moreover, since we are allowed to scale by a and b, it is clearly enough to solve the equation in K(R) ⊗ Q. Writing [P ] = a + β with β ∈ ker ρ, we see that since β is nilpotent we can invert (1/a)[P ] and extract an nth root using formal power series with rational coefficients, thus yielding a solution in K(R) ⊗ Q.
Combining 3.1.4.6 and 3.1.4.5, we see that to prove 3.1.5.1 it is enough to prove the following. We will use the phrase "locally free" to mean "locally free of constant non-zero rank" in what follows.
Proposition 3.1.5.5. Let X = Spec A be affine, X a µ n -gerbe such that there is everywhere Zariskilocally on X a locally free X -twisted sheaf. Then there is a global locally free X -twisted sheaf.
Proof. To simplify the notation, throughout this proof we will use the phrase "twisted sheaf on U " to mean "X × X U -twisted sheaf" whenever U ⊂ X is a subscheme. It is enough to show that J = {f ∈ A | there is a locally free twisted sheaf on Spec A f } is an ideal. The Zariski-local existence hypothesis shows that J cannot be contained in any maximal ideal, hence if it is an ideal J = A. It is clear that J is closed under multiplication by elements of A.
To check that J is closed under addition, we may reduce to the case where X = U ∪ V with U , V , and U ∩ V all affine, and there are locally free twisted sheaves on U and V . (This is Quillen induction.)
Let P be a locally free twisted sheaf on U and Q a locally free twisted sheaf on V ; we may assume that rk P = rk Q. Since X is a µ n -gerbe, we see that P ⊗ n is naturally identified with a locally free untwisted sheaf (see 3.1.2.5), and similarly for Q. By 3.1.5.4, we see that there are non-zero locally free sheaves P on U , Q on V and non-zero finite free modules
Thus, replacing P by P ⊗ P ⊗ F 0 and Q by Q ⊗ Q ⊗ G 0 , we may assume that P ⊗ n and Q ⊗ n are free modules on U and V respectively of the same rank. Now consider the situation on U ∩ V . Letting P = Q ∨ ⊗ Q and Q = P ⊗ Q ∨ , we have an isomorphism of locally free twisted sheaves P ⊗ P ∼ = Q ⊗ Q. Furthermore, taking nth tensor powers, we see that [
[Q] = 1 + η, it follows from nilpotence that nη = 0. It is easy to see using 3.1.5.3(2) that there are non-zero free modules F 1 and F 2 with P ⊗ Q ⊗ F 1 ∼ = F 2 . Letting Q = Q ⊗ F 1 , we have Q ⊗ Q ∼ = F 3 and P ⊗ Q ∼ = F 4 for some non-zero free modules F 3 and F 4 of rank r. Finally,
Thus, the locally free twisted sheaves P ⊕r on U and Q ⊕r on V glue to give an everywhere non-zero locally free twisted sheaf on X.
Starting with the affine case 3.1.5.2, it is possible to use twisted sheaves to prove the following. The reader is referred to [11] for the proof. The idea is to start with a supply of twisted sheaves which are locally free at selected points (using 3.1.5.5), and to increase the locus over which there exists a locally free twisted sheaf by looking at kernels of general maps between the local models. The ample invertible sheaf enables one to make a Bertini argument when studying a general such map between twisted sheaves (tensored with powers of the ample invertible sheaf).
Moduli: a summary
In this section, we summarize the important aspects of the theory of moduli of twisted sheaves, a subject which is treated in full detail (with proofs) in [31] . In section 4, we will use the structure theory of these moduli spaces to prove results about the period-index problem for curves and surfaces over finite, algebraically closed, and local fields.
The moduli problem
Let X → S be a smooth projective morphism (with a chosen relatively ample O(1)), n a positive integer which is invertible on S, and X → X a µ n -gerbe. Using standard methods, one can prove the following (see [31] ).
Proposition 3.2.1.1. The stack Tw X /S of S-flat torsion free X -twisted sheaves is an Artin stack locally of finite presentation over S.
Given T → S, the sections of Tw over T are T -flat quasicoherent sheaves of finite presentation F on X × S T which are X × S T -twisted and such that for every geometric point t → T , the fiber F t on X t is torsion free. (The reader is referred to [31] for a relatively detailed examination of associated points and torsion subsheaves on Artin stacks. Nothing surprising happens.)
As in the case of ordinary sheaves on a projective morphism, the stack of all twisted sheaves is a nightmarish object. For this and other reasons, it is worthwhile to distinguish an open substack of semistable objects (and a further open substack of stable objects). In the cases at hand (namely for curves and surfaces), it will turn out that this stack is in fact a GIT quotient stack; however, the definition can be made in arbitrary dimension, and while the stack has all of the properties one expects of a GIT quotient stack, it is not clear if it is in fact such a quotient stack.
To define the stability condition, we will make use of the degree function deg A 0 (X ) → Q. This can be defined as follows, following [45] . There is a rational Chow theory A * (X ) for which there is a natural theory of Chern classes. Via proper pushforward, there is an isomorphism A 0 (X ) → A 0 (X) ⊗ Q. Definition 3.2.1.2. The degree map deg : A 0 (X ) → Q is the composition A 0 (X ) → A 0 (X) ⊗ Q → Q, where the latter map is the degree in the usual Chow theory of X. Definition 3.2.1.3. Let X be a smooth DM stack over a field k with coarse moduli space X and suppose X is projective with a chosen O(1). Given a coherent sheaf F on X , the geometric Hilbert polynomial of F , denoted P g F , is the polynomial whose value at n is i deg(ch(F (n)) · Td X ), where i = [I (X ) : X ] is the size of the generic stabilizer.
It is a standard exercise to show that this in fact defines a (unique) polynomial over Q. Furthermore, one can see that for torsion free F , the polynomial has degree equal to the dimension of X, with leading coefficient equal to rk F deg X O(1)/(dim X)!.
Remark 3.2.1.4. The normalizing factor i of 3.2.1.3 is used in this paper to make certain numbers integers. However, this is not a harmless decision, and the general theory demands that it should eventually be dropped. For the sake of its convenience, we retain it here.
With this additive function K(X ) → Q[x] in hand, we define (semi)stability in the usual way. Recall that there is an ordering on Q[x] given by the lexicographical ordering of coefficients. In this ordering, f ≤ g if and only if f (a) ≤ g(a) for all sufficiently large (positive) integers a. Definition 3.2.1.5. With the above notation, a coherent sheaf F on X is semistable if for all proper coherent subsheaves G ⊂ F , one has (rk F )P g G ≤ (rk G )P g F . The sheaf F is stable if one has strict inequality for all coherent subsheaves G ⊂ F . Just as with ordinary sheaves, one can fix the determinant of a twisted sheaf. As described in the appendix, there is a determinant morphism Tw parf → Pic X /S , defined on the open substack parametrizing families whose fibers are perfect as elements of D(QCoh(X )). When the rank of F is n, det F is a 0-fold twisted invertible sheaf (since X is a µ n -gerbe), and is thus identified via pushforward with a section of Pic X/S . This defines a map Tw parf,n → Pic X/S (where the superscripts have the obvious meaning). Definition 3.2.1.7. Given an invertible sheaf L on X corresponding to S → Pic X/S , the stack of twisted sheaves with determinant L is the stack-theoretic fiber product Tw parf,n × Pic X/S S. The stack of semistable X -twisted sheaves of rank n, geometric Hilbert polynomial P , and determinant L will be denoted Tw ss X /S (P, L ), and similarly for stable objects. 
It is an Artin stack of finite presentation over S.
It admits limits along any discrete valuation ring.
The open substack Tw
If X is a relative curve or surface and S is affine, then Tw ss is a GIT quotient stack, and is thus corepresented in the category of schemes by a projective scheme.
Given L ∈ Pic X/S (S), the stack Tw With these abstract foundations in hand, we describe how the theory specializes when X is a curve or surface.
Moduli of twisted sheaves on curves
Let C be a proper smooth curve over an algebraically closed field. It is a standard fact that H 2 (C, µ n ) = Z/nZ (with a canonical generator being given by the first Chern class of the ideal sheaf of any closed point of C). Given a µ n -gerbe C → C, let δ denote the (unique) fraction of the form a/n such that 0 ≤ a < n and a ≡ [C ] ∈ H 2 (C, µ n ). Note that if there is a locally free C -twisted sheaf of rank r, then in fact ra/n ∈ Z. Definition 3.2.2.1. Given a twisted sheaf F on C , the degree of F is n deg c 1 (F ) ∈ Z.
While the degree is a priori in Q, it is not hard to see that the denominator is in fact a factor of n. Notation 3.2.2.2. We let Tw C /k (r, d) denote the stack of twisted sheaves of rank r and degree d on C . The superscripts s and ss will be added to denote the stable or semistable locus as above. The coarse moduli space of Tw s will be written as Tw s , as above. When the determinant is identified with L , we will write Tw C /k (r, L ) (with appropriate adornments for stable or semistable points as above).
We let Sh C/k (r, d) denote the stack of (untwisted) sheaves on C with rank r and degree d and Sh C/k (r, L) denote the stack of sheaves with fixed determinant L. The (semi)stable locus is denoted with a superscript just as for twisted sheaves.
Proposition 3.2.2.3. There is a non-canonical isomorphism Tw
In particular, Tw 3.2.2.6. Now suppose the base field k is not necessarily algebraically closed. Write S = Spec k and let C → S be a smooth projective geometrically connected curve with a section p ∈ C(k). There is a way to describe the spaces Tw ss C /k (r, d) using the theory of Galois twists. The Leray spectral sequence for G m and the choice of p yield an isomorphism
The sheaf R 2 f * µ n is in fact isomorphic to Z/nZ, and a splitting of the natural map H 2 (C, µ n ) → H 0 (S, R 2 f * µ n ) = Z/nZ is given by sending 1 ∈ Z/nZ to the gerbe [O(p)] 1/n . In particular, the gerbe C gives rise to an element τ ∈ H 1 (S, Pic C/k [n]) by projection. Note that tensoring yields a map Pic C/k [n] ֒→ Aut(Sh
(n, O(p)) (which is often an isomorphism [25] ). By descent theory we see that varieties V over k which are geometrically isomorphic to Sh In contrast to the classical case and 3.2.2.5, the existence of a tautological sheaf on Tw s C /k (n, M ) (when deg M − r is prime to n) is by no means assured. Since Tw s is a smooth projective rational variety with Picard group Z, it follows that the Brauer obstruction to the existence of a tautological sheaf is in fact the pullback of a Brauer class from the base field. As a consequence, we see for example that the existence of a tautological sheaf follows from the existence of a single stable twisted sheaf with the given invariants over the base field. (This in fact yields a slightly different proof that the classical Brauer obstruction vanishes in the untwisted case.) One way to interpret this is as follows: geometrically, one expects Tw s to be quite similar to the space of vector bundles. The arithmetic of the twisting class is responsible for the more complex structure of the projection Tw s → Tw s . We will return to this issue later when we study period-index problems for fibrations of curves.
Moduli of twisted sheaves on surfaces
Throughout this section, X → X is a µ n -gerbe on a smooth projective surface over a field k and n is assumed prime to char(k). The two moduli spaces which will be relevant are those coming from essentially trivial gerbes and from optimal gerbes. These should be thought of as complementary cases: given an Azumaya algebra A on X with essentially trivial associated gerbe, one has that the generic fiber A (η) is simply M n (k(X)). If A has optimal associated gerbe, one has instead that A (η) is a division algebra over the function field k(X). Twisted sheaves of rank n on an optimal µ n -gerbe can be thought of as objects in the "right non-commutative Picard space" of an integral non-commutative surface finite over its center. On the other hand, moduli of essentially trivial twisted sheaves are best understood in terms of a "twisted stability condition" on the moduli of ordinary sheaves. This is described in detail in [31] .
The stack of twisted sheaves with fixed rank n, determinant L, and geometric Hilbert polynomial P will be denoted Tw(n, L, P ). Adornments, such as ss , etc., will be added as necessary. If instead we fix the pair (L, c 2 ) of the determinant and degree of the second Chern class, we will write Tw(n, L, c 2 ).
(These two ways of fixing the invariants are equivalent.) The superscript µ will be used to denote the slope-stable locus, which is open in the Gieseker-stable locus.
Proposition 3.2.3.1. Suppose X is geometrically essentially trivial. There is a non-canonical isomorphism
Tw
In the case of an optimal gerbe, we have the following theorem. The interested reader will find a proof along with proof of several other asymptotic properties (as c 2 grows) in [31] .
Theorem 3.2.3.2. Suppose X is optimal and k is algebraically closed. Given an invertible sheaf L ∈ Pic(X), there is a constant A such that for all c 2 ≥ A, the stack Tw
We note that recent results of Langer [28] on moduli of sheaves on arbitrary characteristic should give a method for proving this result in the absence of the optimality hypothesis. In characteristic 0, it is likely that existing methods of O'Grady [37] will carry over without much change to the twisted context, but we have not worked this out in detail.
Remark 3.2.3.3. For the geometrically-minded, 3.2.3.2 plays an essential role in proving an algebraic analogue of results of Taubes on the stable topology of the space of self-dual connections on a fixed smooth PGL n -bundle over the 4-manifold underlying an algebraic surface. We refer such readers to [33] .
The same methods used in the classical case also yield information about the variation of the stack of stable twisted sheaves in a family. The reader is warned that the local behavior of lci Artin stacks can be quite subtle. Restricted to the stable locus, the statement concerns Deligne-Mumford stacks, where the lci condition behaves precisely as in the case of a scheme.
Proposition 3.2.3.4. Let X → X → S be a µ n -gerbe on a smooth proper morphism over a locally Noetherian scheme with geometrically connected fibers of dimension 2, and assume that n is invertible on S. Suppose that each geometric fiber of X over S is optimal or essentially trivial. The stack Tw
Period-Index results
Preliminaries
A cheap trick
We mention here a simple trick which can be used to make certain base extensions. For the sake of concreteness, we only record the result for field extensions. Proof. Write X = Spec K and Y = Spec L. If there is a locally free α Y -twisted sheaf on Y of rank n then pushing it forward to X yields a locally free α-twisted sheaf of rank nd. Taking endomorphisms yields a central simple κ-algebra A of degree nd with [A] = α. If D is the (unique up to isomorphism) central division κ-algebra with class α, we may write A = M r (D) for some r. Since per(α)|n, we see that (ind(α), d) = 1, so the degree of D is prime to d. Since nd = r deg D, we see that d|r. Thus, n = ℓ deg D for some ℓ, and we conclude that M ℓ (D) is a central simple algebra of degree n with class α. (When per(α) = n, we in fact conclude that r = d and that deg(D) = n.) Corollary 4.1.1.2. If X is a k-scheme and α ∈ H 2 (X, G m ) has period n, then ind(α) = n if and only if there is a field extension k ′ ⊃ k of degree prime to n such that ind(α k ′ )|n.
A reduction of geometric period-index problems to characteristic 0
Let k be an algebraically closed field, K/k a finitely generated field extension of transcendence degree n and α ∈ Br(K)[m] a Brauer class of order m. Let W be the Witt ring of k; in particular, W is an absolutely unramified henselian discrete valuation ring with residue field k.
Definition 4.1.2.1. Given a scheme X and a point x ∈ X, anétale neighborhood of x is anétale morphism U → X along with a lifting x → U over x → X. 4. there is a class α ∈ Br(R) such that α| R corresponds to α via ρ. 
′ is a discrete valuation ring, so we can extend any division algebra over the fraction field
with Brauer class α| W ′ . Taking the residual algebra yields the result over the residue field of R ⊗ W ′ , which is K.
Proof of 4.1.2.2.
The idea of the proof is to first fiber a proper model of K by curves over an affine space, use the deformation theory of curves to lift the function field over W , and then use the deformation theory of Azumaya algebras to lift the Brauer class over anétale localization of the global model. First, we can choose a normal projective variety X/k such that k(X) ∼ = K (e.g., normalize the projective closure of an affine model!). By Bertini's theorem, a generic hyperplane section of X will remain smooth in codimension 1, so choosing a general pencil of very ample divisors on X, we can blow up X to yield a birational model X → P 1 with geometrically integral generic fiber of dimension n − 1 which is smooth in codimension 1. By induction, it follows that we can find a smooth curve C over the function field k(P n−1 ) (with sections, if we like) such that the function field K(C) is isomorphic to the original field K. Now consider the local ring A of P n−1 W at the generic point η of the special fiber P n−1 k
. Over the residue field of A we have a proper smooth curve C. Standard deformation theory (as may be found in [1] , for example) yields a proper smooth scheme C over the formal completion A with geometrically connected fibers of dimension 1. By Artin approximation (or Popescu's theorem), there results such a scheme over the Henselization of A. The usual finite presentation arguments yield anétale neighborhood U → P n−1 W of η and a proper smooth relative curve C → U such that the fiber over η is the original curve C. By shrinking U , we may assume that the fibers of U over Spec W are geometrically connected, hence that the fibers of C over W are geometrically connected. The same follows for anyétale neighborhood of the generic point γ of the special fiber of C over W . Now O C ,γ is a discrete valuation ring containing W which satisfies all but possibly the last condition we require, and this remains true of anyétale neighborhood of γ. Thus, the Henselization of O C ,γ satisfies conditions 1 through 3 and is the colimit of subrings quasi-finite over O C ,γ satisfying those conditions. But Br(O h C ,γ ) = Br(K), so there is a lift of α to a class defined on O h C ,γ , and this class descends to some quasi-finite essentially finite type normal local extension R of O C ,γ with residue field K. This finishes the proof. Proof. We may replace k by the maximal separable prime to n extension and suppose that k is infinite and X has a rational point p ∈ X(k). Suppose first that X is P d . Taking the linear system of hyperplanes through p, one sees that the blowup Bl p P d fibers over P d−1 with a section and with generic fiber P 1 k (P d−1 ) . Embedding X in a projective space and choosing a generic linear projection yields a finite morphism ν : X → P d which isétale at every point of ν −1 (ν(p)). Now we can simply pull back the picture from P d . The space X will then be the blowup of the fiber, which is just a finite set of reduced points. Geometrically, this is the same as taking a general linear system of projective dimension d − 1 containing p in the base locus in any sufficiently ample complete linear system on X.
Period and index on a fibration of curves
where X η is the generic fiber curve.
Proof. This follows from the fact that X → X is birational and the index is determined at the generic point.
By construction, X η has a rational point p.
Proposition 4.2.1.3. Let π : X η → η = Spec K be a smooth connected curve over a field with a rational point p ∈ X η (K) and let α ∈ Br( X η ) [n] . Choose a lift α ∈ H 2 ( X η , µ n ) and let 0 ≤ r < n class of α| K . Suppose the restriction of α to κ(p) vanishes in Br(κ(p)). The following are equivalent:
(ii) there is a locally free C -twisted sheaf of rank n and determinant of degree r + 1;
If K is C 1 and n is prime then (i) and (ii) are equivalent to the existence of a K-rational point on Tw s C /K (n, O((r + 1)p)), where C → X η is a µ n -gerbe representing α.
Proof. Suppose there is a locally free twisted sheaf F of rank n on C , and let M = det F . The assumption that the projection of α into H 2 (η, G m ) vanishes says precisely that α| p = 0 ∈ H 2 (Spec κ(p), G m ). Thus, there is a quotient of F | p with any rank at most n. Given such a quotient Q of length ℓ, it is easy to see that the determinant of the kernel G of F ։ Q is det F (−ellp). (This is just an elementary transform; see the appendix for details.) By repeatedly applying this operation with various choices of Q (and possibly dualizing to get the right sign), we can ensure that the determinant has degree r + 1. When K is C 1 , we can use this argument at any effective Cartier divisor on X η (as the Brauer group of such a divisor vanishes) and therefore ensure that the determinant is precisely O((r + 1)p). The stability condition when n is prime can be ensured in one of two ways: 1) if α = 0, then it is a classical fact that stable vector bundles of any given rank and determinant exist; 2) if α = 0, then α is optimal, so any locally free twisted sheaf of rank n is stable.
An application: period and index on a geometric surface
We give a proof of de Jong's theorem on the period-index property for surfaces over algebraically closed fields. Proposition 4.2.2.1. Let K be a field of transcendence degree 1 over an algebraically closed field and C → Spec K a smooth proper curve over K with a rational point. Given a µ n -gerbe C → C, let 0 ≤ r < n represent the class of [18] in characteristic 0 and generalized in [13] to positive characteristic), we conclude Tw s (n, L ) has a rational point. On the other hand,
is a µ n -gerbe. Since K is C 1 , any µ n -gerbe over K has a point, yielding a lift of the point in moduli to an object, as desired.
Lemma 4.2.2.2. If X is a smooth surface over an algebraically closed field k and α ∈ Br(k(X)) has order prime to char(k), then there is a birational morphism X → X such that 1. the pullback of α to X has strict normal crossing ramification locus, and 2. there is a fibration X → P 1 with a section such that the restriction of α to the generic fiber is unramified.
Proof. It is an elementary fact that the ramification locus of α is pure of codimension 1 (see [5] , [6] , or [42] ). Furthermore, if we blow up X, the only new ramification divisors which can appear must be the exceptional divisors. The first statement follows by the embedded resolution of curves in surfaces. To prove the second statement, we note that the ramification of α at a divisor D is given by a cyclic extension of the function field κ(D) ( [6] , [42] ). (In fact, a generically separable extension is sufficient for the present argument, and this follows easily from basic calculations inétale cohomology [19] applied to the usual presentation for the sheaf of Cartier divisors.) Let E be the (normal crossing) ramification divisor of α. Choose Z such that Z intersects E transversely at general points of irreducible components and Z + E is very ample. Choose a section H of |Z + E| intersecting Z transversely and intersecting E transversely at general points of irreducible components over which the cyclic extensions measuring ramification are unramified. It follows by an explicit cohomological calculation (or by the slightly more hands-on method of [42] ) that the blow-up of X at H ∩ (Z + E) has no ramification on the exceptional divisors; i.e., the ramification of α on X is precisely contained in E. This X is precisely the total space of the pencil spanned by H and Z + E, and we have just seen that α is unramified on the generic fiber. The intersection points H ∩ (Z + E) give rise to sections of the pencil. Proof. By the results of section 4.1.2, we may assume the base field has characteristic 0. (The reader can check that this proof in fact works whenever the period is prime to the characteristic exponent of the base field.) Let X be a smooth projective surface modeling the given function field and let α ∈ Br(k(X))[n]. Applying 4.2.2.2, we may replace X with a fibration X → P 1 such that α is unramified on the generic fiber. Now we can apply 4.2.2.1. (The reader unfamiliar or uncomfortable with the ramification of a Brauer class can simply consider unramified classes -these will suffice for the applications we give over finite fields -at the expense of generality.)
A question about the moduli spaces of vector bundles
A consequence of twisted methods is that one can solve the period-index problem in general if one can characterize the points on Galois twists of the moduli space Sh s C/k (r, L ) of stable vector bundles with fixed determinant of degree prime to the rank on a smooth curve C with a point. Much is known about these varieties: they are smooth and rational with Picard group Z. Moreover, one knows that the canonical class of Sh s C/k (r, L ) is twice an anti-ample generator (so that Sh s is not a projective space!) [39] .
It is tempting to as the following question.
Question 4.2.3.1. Let k be a field and C/k a smooth projective curve with a rational point. Given an invertible sheaf L ∈ Pic(C) and an integer n prime to deg L , does any Galois twist of Sh
For a general curve C/k, the automorphism group of Sh
, so the conjecture is saying that in such cases, any form of Sh s C/k (n, L ) should have a rational point. As an example of the usefulness of this conjecture, we show that it implies the period-index conjecture from the introduction for function fields of varieties over algebraically closed fields. Sketch of a proof. Let n = per(α). Given K = k(X), we may birationally fiber X over P d−1 such that 1. the generic fiber C/k(x 1 , . . . , x d−1 ) is smooth with a section, and 2. α is unramified on the generic fiber.
For an appropriate choice of L , the coarse moduli space Tw s (n, L ) has a rational point by 3. On the other hand, examples of Colliot-Thélène [10] show that for any prime ℓ, any algebraically closed field k of positive characteristic distinct from ℓ, and any positive integers n > m, there is a smooth projective variety Y over k of dimension ℓ n−m + 1 carrying an unramified Brauer class of period ℓ m and index ℓ n . It may appear at first blush to follow that one can not have a rational point as required by the Question: the class is unramified, so one can try to compute the global Brauer class for the gerbe Tw s → Tw s given by relative moduli spaces over P d−1 . Since Br(P d−1 ) = 0, one might suspect that this implies that the Brauer obstruction vanishes and thus that any rational point would lift into the stack, violating Colliot-Thélène's demonstration that the period and index are unequal. Luckily for us, the locus of singular fibers of X → P d−1 is a divisor in P d−1 , and it is clear that one cannot expect the Brauer obstruction to be a pullback away from the locus of smooth fibers. (E.g., the space Tw s (n, L ) of twisted vector bundles is no longer proper in singular fibers, and the existence of a compactification parametrizing objects "with fixed determinant" is much more subtle over singular curves.) Question 4.2.3.1 certainly deserves further investigation, if for no other reason than that the twists of Sh s C/k (r, L ) provide a number of relatively well-known varieties whose rational points are barely understood. It is also interesting to note that the varieties Sh s C/k (r, L ) are not rationally 1-connected (according to work of Castravet [9] ), and hence that 4.2.3.1 does not fit into the framework for finding rational points established by Mazur, Starr, and de Jong.
Period and index via moduli on a surface
Another way to reduce the period-index problem to a rationality question is to use the known structure of the moduli spaces of twisted sheaves on surfaces along with classical estimates on the existence of points (e.g., the Lang-Weil estimates for geometrically integral varieties over finite fields). For classes of period divisible by the characteristic, the methods employed here cannot be applied (even though the moduli theory can be developed). Thus, (sadly) we can give no real insight into the unramified problem for these classes. Proof. First suppose α extends to all of X. On the special fiber, we have that per = ind. It is not too difficult to show that one can construct an unobstructed locally free twisted sheaf of the desired rank using strict transforms (see e.g. 5.2.5 and 5.2.6 of [23] for the untwisted version, [32] for the twisted version, or 3.2 of [12] for a treatment in terms of Azumaya algebras). Deforming it over the total space of X yields the result. If α is ramified along the special fiber, then extracting the per(α)th root of a uniformizer of R will kill the ramification [5, 2.3.4] (which uses the main purity result of [16] ). Thus, after making a finite free extension R ′ ⊃ R of degree per(α), we are reduced to the unramified case. This is easily seen to imply the desired result.
Remark 4.3.2.2. It may be possible to extend these results in some form to the case of a surface with semistable or strictly semistable reduction. To properly carry this out would require a study of semistable twisted sheaves on semistable surfaces. In the absence of semistable assumptions, it would suffice to have an effective version of semistable reduction in order to control the field extensions required and thus use 4.1.1.2. It is not particularly clear at the present time what exponent in the period-index relation one should expect in this case.
A ramified result
Using results of Saltman ([42] and [41] ), we can extend our results to the ramified case. We recall the relevant results from Saltman's work (and we thank him for bringing this to our attention). Proposition 4.3.3.1 (Saltman) . Let S be a regular scheme of dimension 2 fibered over a field or discrete valuation ring containing a primitive ℓth root of unity, with ℓ a prime invertible on S. Let α be a Brauer class at the generic point η S of prime order ℓ. There exist rational functions f, g ∈ κ(S) such that α is unramified in κ(S)(f 1/ℓ , g 1/ℓ ).
Saltman uses this to prove that ind | per 2 for Brauer classes in the function field of a curve over a p-adic field. Note that the requirement that an ℓth root of unity exist is a minor one: adjoining such a root creates a field extension of degree prime to ℓ, so using the methods of 4.1.1 one concludes that this has no effect on the period-index problem. Similarly, the requirement that α have prime order is immaterial when it comes to period-index phenomena. Proof. It suffices to prove this when the period of α is a prime ℓ and k contains all of the ℓth roots of unity. In this case, we can apply 4.3.3.1 to find a finite extension of normal surfaces Y → X of degree
we can blow up Y to arrive at a smooth geometrically connected surface Y over L equipped with a Brauer class α ∈ Br( Y ) of order dividing ℓ. Since Y is proper, L is finite, and we may apply 4.3.1.1 to conclude that the index of α Y divides ℓ. Pushing forward a twisted sheaf of rank dividing ℓ along the morphism of generic points η Y → η X yields an α-twisted sheaf of rank dividing ℓ 3 on Spec k(X) and taking the endomorphism ring yields a division algebra of degree dividing ℓ 3 in the class α, thus completing the proof.
It would be nice to apply this to the case of local base fields k, but it is not entirely clear how the property of smooth reduction behaves under the construction of Y in the proof of 4.3.3.2.
A A few facts about coherent sheaves on stacks
There is not much to recall here, as coherent sheaves behave just as they do on schemes. However, for the sake of completeness, we include stacky versions of several well-known constructions and results.
First, it is worth making a brief remark about where precisely quasi-coherent sheaves on a stack X live. Of course, they are quasi-coherent sheaves in one of the ringed topoi associated to X : X Zar , X f ppf , XÉ T , X lis-ét , Xé t .
The first three are all meant to be big topoi while the fourth is developed in [29] -but note that there are errors in their treatment, which have been fixed by Olsson in [38] . The fifth topos is the smalĺ etale topos: generated byétale morphisms from schemes U → X . Unless X is a Deligne-Mumford stack, this is an unreasonable (mostly empty!) choice. We leave the proof of the following lemma to the reader (with help from the references).
Lemma A.1. There are natural equivalences of abelian categories of quasi-coherent sheaves on X Zar , X fppf , XÉ T , and X lis-ét . When X is Deligne-Mumford, this equivalence extends to Xé t .
The derived category D(QCoh(X )) has the same formal properties when X is a stack as when it is a scheme. In particular, if X is regular of everywhere bounded homological dimension, any coherent sheaf defines a perfect complex in D parf (QCoh(X )) ⊂ D(QCoh(X )). (Even when X is equidimensional and quasi-compact, it is no longer true that the homological dimension is related to the intrinsic dimension of X , which can be negative; it is however certainly bounded above by the dimension of a smooth cover of X .) Remark A.2. Just as in the case of a scheme, the natural functor QCoh(X ) → Mod(X ) is not an exact functor of abelian categories when working with the big topologies, and therefore in the bigétale and fppf topologies it is not reasonable to think about D QCoh (X f ppf ) or D QCoh (XÉ T ). It does make sense in the lisse-étale topology, but the entire setup requires great care in that context, as the formation of the lisse-étale topos is not functorial. This is developed carefully and completely in [38] . For DeligneMumford stacks one can work in the smallétale topos Xé t and everything works just as for algebraic spaces.
We recall the following theorem, essentially due to Mumford and Knudsen [24] . Proof. We would like to thank Moret-Bailly for pointing out a simplification of our original proof. Let U = X \ C be the (open) complement of C . Since F | U = 0, there is an isomorphism σ : O U ∼ → det F | U . To show that σ extends to an isomorphism O X (rC ) ∼ → det F , it suffices to show this locally in the smooth topology of X , as the descent datum on σ will descend the result back to X . Thus, it suffices to prove the result when X is a scheme. To prove it in this case, note that an extension must exist for some r by standard properties of invertible sheaves. To determine r, it thus suffices to prove the result when X is the spectrum of a discrete valuation ring and C is the closed point, where the result is immediate.
Let X be a regular Artin stack and ι : C ֒→ X an integral effective Cartier divisor. Suppose given a coherent sheaf F on X and a quotient of the restriction ρ : F | C ։ Q.
Definition A.6. With the above notation, the elementary transform of F along ρ is ker(F → ι * F C → ι * Q).
Corollary A.7. Suppose given a perfect coherent sheaf F on X and a quotient ρ : F C ։ Q such that ι * Q is perfect. Then the determinant of the elementary transform of F along ρ is det(F ) ⊗ O((rk C Q)C )
The corollary applies for example if X is quasi-compact and regular.
Proposition A.8. Let X be a proper smooth Deligne-Mumford surface over an algebraically closed field such that 1. the coarse moduli space X is projective; 2. the inertia stack I (X ) → X has tame cyclic geometric fibers away from codimension 2.
Let F be a locally free sheaf on X with trivial inertial action on det(F ). For any invertible sheaf L ∈ Pic(X) there exists a locally free subsheaf G ⊂ F with determinant L X .
Proof. The conditions of the proposition are satisfied for example if X → X is a µ n -gerbe (with n invertible on X) or the generic stabilizer of X is trivial and X is tame.
Over the generic point of any curve C ⊂ X the stack C = (X × X C) red is a cyclic gerbe. It follows from Tsen's theorem that C is generically split over C (i.e., has a generic section). Thus, any coherent sheaf on C has a quotient of generic rank 1, as any irreducible representation of an abelian group scheme has dimension 1. Starting with arbitrary locally free F , we can twist by a very ample invertible sheaf on X until det F itself becomes very ample. In fact, we may assume there is a smooth curve C in the linear system |L ∨ ⊗ det F |. Performing an elementary transform as above with an invertible G , we can subtract C from det F , yielding F ′ with det F ′ = L .
This result can be used in to refine 4.2.2.3.
Corollary A.9. Let X be a smooth projective surface over an algebraically closed field and n an integer prime to char(X). The natural map H 1 (X, PGL n ) → H 2 (X, µ n ) is surjective.
Proof. Given a µ n -gerbe X → X, 4.2.2.1 shows that there is a locally free (stable) X -twisted sheaf V of rank n. Applying A.8 yields a V with trivial determinant. Taking End(V ) yields an Azumaya algebra whose cohomology class in H 2 (X, µ n ) is precisely [X ] . (This computation is left to the reader.)
Remark A.10. One can also prove A.9 for classes of order divisible by the characteristic (using the fppf topology to compute the cohomology) by applying the obvious modification of A.8 to fppf µ n -gerbes on the surface X. (The tameness hypothesis is no longer relevant when we know in advance that any locally free sheaf on the stack admits invertible quotients over any curve.)
